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ABSTRACT
Due to the finite size of the disk and the temperature fluctuations producing the variability, mi-
crolensing changes the actual time delays between images of strongly lensed AGN on the ∼day(s)
light-crossing time scale of the emission region. This microlensing-induced time delay depends on the
disk model, primarily the disk size R0 which has been found to be larger than that predicted by the
well-known thin-disk model. In this work, we propose that light curves measured in different bands
will give different time delays since R0 is a function of wavelength, and by measuring the time delay
differences between bands, one can 1) easily verify such an new effect; 2) further test the thin-disk
model of quasars. For the second goal, our method can avoid the potential inconsistency between
multi-band lightcurves that may bias the results by continuum reverberation mapping. We conduct
a simulation based on a PG 1115+080-like lensed quasar, calculating the theoretical distributions
of time delay differences between two bands: u and i centered at ∼354nm and ∼780nm, under and
beyond the thin-disk model, respectively. Current precision level of time delay measurements allows
us to tell the microlensing time delay effect from statistical uncertainties. This approach could be
realized in the ongoing and upcoming multi-band wide-field surveys with follow-up observations.
Subject headings: gravitational lensing: micro - gravitational lensing: strong - accretion disks - quasars:
general
1. INTRODUCTION
Quasars are excellent objects for studying black hole
physics, galaxy formation and cosmology. The accretion
disk of the central supermassive black hole (∼ 109M⊙)
has typical size of ∼ 1015cm and generates fluctuations
with time scale∼ days of the light curve. Theoretically, a
standard, non-relativistic, thin-disk model emitting as a
blackbody (Shakura & Sunyaev 1973) is usually taken to
describe the disk. In addition, the variability is described
by the “lamp post” model (Cackett et al. 2007) in which
the fractional temperature variation is independent of
radius in the disk with a time lag determined by the
light travel time from the disk center.
Currently, neither ground- or space-based telescopes
can resolve quasar accretion disks. To estimate the size
of emitting region, techniques such as reverberation
mapping of the quasar continuum emission (Collier et al.
1998; Sergeev et al. 2005; Shappee et al. 2014;
Fausnaugh et al. 2016), modeling of the structure of the
broad Fe Kα line (Tanaka et al. 1995; Iwasawa et al.
1996; Fabian et al. 2002; Iwasawa et al. 2004) and
quasar microlensing (Pooley et al. 2007; Morgan et al.
2008; Blackburne et al. 2011; Chartas et al. 2012;
Mosquera et al. 2013; MacLeod et al. 2015) have
been well-developed. For the reverberation mapping
method, an adequate summary of current works is
that lightcurves in different bands are highly correlated
and well-modeled by the damped random walk (DRW)
such that methods like interpolated cross-correlation
function (Peterson et al. 1998) or JAVELIN (Zu et al.
2013) are able to capture the appropriate lags. When the
brightness in the red increases, an even greater increase
in the brightness in the blue trends to be seen - but
liaokai@whut.edu.cn
the connection does not seem to be fully deterministic.
In other word, lightcurves in different bands are only
partially coherent (see (Sun et al. 2014) and references
therein) and a skewed transfer function could bias the
estimates (Chan et al. 2020).
For the microlensing method, the microlensing
lightcurves are generated on top of the magnifications
by strong lensing. Due to the super-luminosities, the
perpetual emitting, the large event number, the high-
redshift distribution and the variable nature of quasars,
strong lensing of quasars by galaxies has become a widely
used tool to study astrophysics and cosmology (Treu
2010). A large number of lensed quasars have been
and will be observed and well-studied (Oguri & Marshall
2010). Stars in the lens galaxies as the secondary lenses
bring extra magnification known as the microlensing ef-
fects. Depending on the local environments of the images
and peculia motion of the source relative to the lens,
the magnification changes in the form of microlensing
light curves. A larger disk size relative to the mean Ein-
stein radius of the stars will smooth out the microlens-
ing effects and result in smaller variability amplitudes.
The measured amplitude of microlensing variability con-
straints the size of the disk in turn. In recent years,
evidences from microlensing together with reverberation
mapping have implied that not all quasars are well mod-
eled by the thin-disk model, nor by the lamp-post model
of variability. The measured disk sizes seem to be larger
than those predicted by the thin-disk model.
Another interesting phenomenon caused by microlens-
ing is the time delay changing between lensed AGN im-
ages, recently proposed by (Tie & Kochanek 2018). The
measured time delays based on the quality of light curve
pairs and models for contaminating contribution of mi-
crolensing to the light curves (Liao et. al. 2015) were pro-
posed not to be the cosmological one (Tie & Kochanek
22018). Microlensing produces changes in the actual time
delays on the ∼day(s) light-crossing time scale of the
emission region due to a combination of the inclination
of the disc relative to the line of sight and the differen-
tial magnification of the temperature fluctuations pro-
ducing the variability. The microlensing-induced time
delay will slowly change as the accretion disk moves rela-
tive to the stars doing the microlensing (Tie & Kochanek
2018). This effect would bias the time delay measure-
ments and then the Hubble constant measurements, es-
pecially for small time delays (Tie & Kochanek 2018).
In principle, one can potentially verify such an effect us-
ing the variation of the time delays measured at different
epoches of the lightcurves in single waveband. However,
due to the uncertain peculia motion and the source po-
sition, it may require time scales much larger than that
typically gives a time delay measurement ∼ year(s) to
observe the variation. Current studies have not found
the variation (Bonvin et al. 2018) and the effect was not
considered in cosmological studies (Wong et al. 2020).
Therefore, directly verify/measure the effect and its de-
tails would benefit understandings of quasar physics, mi-
crolensing and cosmology.
In this work, we propose to measure time delay differ-
ences between bands at the same observing epoch, with
which one can not only verify such a new microlensing
phenomenon but also test the thin-disk model by mea-
suring the disk size within a short timescale. The mi-
crolensing time delay effect primarily depends on the disk
size as a function of wavelength (Tie & Kochanek 2018).
Therefore, time delays measured in different bands cor-
respond to different disk sizes and are perturbed by mi-
crolensing differently. As a supplement in studying disk
size, our method does not directly analyze light curves
in different bands as a whole and can avoid the multi-
band lightcurve inconsistency problem and the details of
the transfer function in continuum reverberation map-
ping (Sun et al. 2014; Chan et al. 2020).
The Letter is organized as follows. In Section 2, we
briefly introduce the thin-disk model of quasars and the
microlensing time dely effect; In Section 3, we propose
to measure the chromatic microlensing time delays; Then
we do a simulation to show how our method is viable in
Section 4; Finally, we summarize and make discussions
in Section 5.
2. THIN-DISK MODEL AND MICROLENSING TIME
DELAYS
In a standard, non-relativistic, thin-disk model that
emits as a blackbody, for rest-frame wavelength λrest, the
characteristic radius of the disk where the temperature
matches the photon wavelength kT = hpc/λrest is given
by (Shakura & Sunyaev 1973)
R0 =
[
45Gλ4restMBHM˙
16pi6hpc2
]1/3
= 9.7× 1015
(
λrest
µm
)4/3(
MBH
109M⊙
)2/3(
L
ηLE
)1/3
cm,
(1)
where k,G, hp, c are Boltzmann, Newonian, Planck con-
stants and light speed, respectively. MBH is the central
black hole mass, L/LE is luminosity in units of the Ed-
dington luminosity, η = L/M˙c2 is the accretion efficiency
which ranges from ∼ 0.1 to ∼ 0.4 positively correlated
with the spin of the black hole. Note that η is hard to
directly measure. However, R0 with current measure-
ment precision is not sensitive to the adoption of η due
to the power exponent -1/3 dependence, i.e., the fact of
larger size from observation can not be explained even
by choosing the minimum η.
A dimensionless radius is usually defined as
ξ =
hc
kT0(R)λ
=
(
R
R0
)3/4(
1−
√
Rin
R
)−1/4
, (2)
where R > Rin = αGMBH/c
2, the inner edge of the
disk (Morgan et al. 2010), and α = 1 and 6 for a
Schwarzschild and Kerr black hole, respectively. The
unperturbed temperature profile T0(R)
4 ∝ R−3(1 −√
Rin/R) and the unperturbed surface brightness pro-
file is
I0(R) ∝ (eξ − 1)−1. (3)
For the variability, the “lamp post”
model (Cackett et al. 2007) is often used, where
the fractional temperature variation is independent of
R:
T (R, t) = T0(R)[1 + f(t−R/c)], (4)
where f(t−R/c) is the lagged fractional luminosity vari-
ability since the light travels from the disk center as the
driving source. Therefore, the variable surface brightness
can be got by Taylor expanding the blackbody function:
δI(R, t) ∝ f(t−R/c)G(ξ), (5)
where
G(ξ) =
ξeξ
(eξ − 1)2 . (6)
The mean microlensing-induced time lag is given
by (Tie & Kochanek 2018)
tmicro =
1 + zs
c
∫
dudvG(ξ)M(u, v)R(1 − cos θ sinβ)∫
dudvG(ξ)M(u, v)
−tdisk
(7)
where M(u, v) is the microlensing magnification map
projected in the source plane, θ is the polar angle in the
accretion disk plane, β is the inclination angle with β = 0
corresponding to a face-on disk. u = R cos θ cosβ and
v = R sin θ are the coordinates in the source plane. Note
that we have separated out the mean time lag caused by
the disk itself relative to the driving source f(t) corre-
sponding to the case without microlensing M(u, v) ≡ 1
(i.e., the so-called geometric delay with which one can
apply the reverberation mapping):
tdisk =
1 + zs
c
∫
dudvG(ξ)R(1 − cos θ sinβ)∫
dudvG(ξ)
. (8)
Ignoring the inner edge of the disk, tdisk = 5.04(1 +
zs)R0/c, where the time-scale
(1 + zs)R0
c
≃ 3.8 days
(1 + zs)1/3
(
λobs
µm
)4/3(
MBH
109M⊙
)2/3(
L
ηLE
)1/3
.
(9)
33. CHROMATIC MICROLENSING TIME DELAYS
Both tmicro and tdisk primarily depend on the disk size
as a function of observed wavelength λobs = (1+zs)λrest:
R0(λobs) ∝ λ4/3obs following “the redder, the larger” law.
Note that tmicro also depends on the observing epoch Tobs
as well since the source experiences different positions in
the magnification map due to the relative peculia motion.
Compared to the driving source f(t), the lightcurve of
image P has a total time lag (hereafter we use the terms
“time lag” for single image and “time delay” between
two images, respectively):
tPtotal(λobs, Tobs) = tcosm + tPsl + tPsub + tdisk(λobs)
+tPmicro(λobs, Tobs),
(10)
where tcosm is the cosmological light propagating time in
the absence of the lens galaxy, tPsl is from strong lensing of
macro gravity field of the lens galaxy, tPsub is the pertur-
bation caused by dark matter substructure. In addition,
there is an extra term caused by line-of-sight density fluc-
tuation (weak lensing) which has been incorporated into
tcosm or t
P
sl for simplicity.
In practice, what one can directly measure is the time
delay between any two images (P andQ) of a lensed AGN
by comparing their light curve shifting in time domain
in the given band b:
∆tlc(b, Tobs) = ∆tsl +∆tsub +∆tmicro(b, Tobs), (11)
where the widely concerned one for strong lens time-delay
cosmography is ∆tsl (Treu & Marshall 2016) determined
by a specific cosmological model with parameters therein,
and the lens potential. Note that in principle unbiased
time delays should be measured in single band since the
intrinsic light curves are only partially correlated be-
tween bands (Sun et al. 2014). We can always use the
monochromatic central wavelength of a band in calcula-
tion since the radial width due to the blackbody emis-
sion is significantly more important than the wavelength
spread from a typical broad-band filter (Tie & Kochanek
2018). The last term depends on the disk size, the ob-
served wavelength and the observing epoch as well. The
existing of microlensing time delays could bias the Hub-
ble constant measurements if uncounted especially for
those with small time delays (Liao 2019). In addition, it
degenerates with the time delay perturbation caused by
dark matter substructure in the lens galaxy which is sup-
posed to be a fraction of one day (Keeton & Moustakas
2009), making probing dark matter substructure impos-
sible with time delay/time delay ratio anomalies unless
using transient sources like repeated fast radio bursts or
gravitational waves (Liao et al. 2018).
Despite of these, one may conjecture that measuring
the time delay anomalies can be used to verify microlens-
ing time delay effect and test quasar models in turn. At
this point, it is like what (Keeton & Moustakas 2009)
suggested for probing dark matter substructure. How-
ever, no robust result in this respect has appeared up.
The anomalies are hardly to accurately determine by
lightcurves due to the degeneracies with a mass sheet,
radial profile, the dark matter substructure and the
Hubble constant, where the Hubble constant issue is
currently annoying the community. Ratio of time de-
lays seems more promising 1 which is free of the de-
generacies except the dark matter substructure that
sub-dominates (a fraction of one day). It could be
badly inferred by lens modelling which potentially suffers
from bias (Schneider & Sluse 2013; Birrer et al. 2016;
Ding et al. 2020).
By contrast, what more robust is to directly measure
the changing of ∆tmicro(λobs, Tobs) as a function of either
λobs or Tobs . For the latter one, due to the uncertain
peculia motion and source position, it may require time
scales much larger than that typically gives a time delay
measurement ∼ year(s) to observe the variation (larger
transverse peculia motion and positions closer to caus-
tic lines where time delays change rapidly are easier).
In addition, it’s complicated to calculate the theoretical
distribution of the time delay variation since it requires
the prior on the peculia motion distribution and it en-
tails correlated points or line integrals in the time delay
variation maps. Furthermore, the gravity field may not
keep static for very large time scales due to the motion
of the dark matter subhalos that could also change the
time delays.
Therefore, to verify the existing of microlensing time
deleys and test quasar models, we suggest that one
measure time delays in two different bands b1 and b2
at the same epoch. Their difference ∆tlc(b2, Tobs) −
∆tlc(b1, Tobs) is determined by the microlensing time de-
lay difference:
δ∆tlc(b1, b2, Tobs) = δ∆tmicro(b1, b2, Tobs), (12)
where the symbols δ and ∆ are for different bands and
different lensed images, respectively. δ∆tlc should be
independent of the intrinsic light curves and the algo-
rithms used to measure the time delays. Note that Tobs
needs to last from months to years to get a time de-
lay measurement, however, we assume a short observ-
ing epoch, for example less than one year with high ca-
dence (Courbin et al. 2018) that would keep the source
approximately motionless in the map. For the case that
light curves are monitored with many years such that
precise time delays are available, the corresponding dif-
ference should be
∫
δ∆tmicrodTobs/
∫
dTobs since most al-
gorithms try to balance each piece of the lightcurves and
give the average (best-fit) time delay estimation.
Now we can compare the measured time delay differ-
ence between bands and its theoretical distribution pre-
dicted by a disk model. The uncertainty from observa-
tion is
σδ∆tlc =
(
σ2∆tlc,b1 + σ
2
∆tlc,b2
)1/2
∼
√
2σ∆tlc , (13)
where σ∆tlc is the absolute uncertainty level of cur-
rent strong lens time delay measurements based on light
curves. If it is smaller than the theoretical distribution
dispersion from quasar models, this test can become de-
cisive with only several systems. Current measurement
precision has already met the requirement. We will do a
simulation in the next section to show how our method
works.
1 We give a discussion on using time delay ratio anomalies to
test the microlensing time delay effect and quasar models in the
appendix.
4Fig. 1.— Microlensing magnification map for image B. The size
is 20× 20RRin and the mean magnification equals 1.
Lens Image κ γ κ∗/κ
PG 1115+080 B 0.502 0.811 0.331
C 0.356 0.315 0.203
TABLE 1
Microlensing parameters for image B and C, respectively.
4. SIMULATIONS AND RESULTS
For illustration purpose, we take a PG 1115+080-
like lens system for example, who is a quadruply im-
aged quasar (Weymann et al. 1980; Hege et al. 1981;
Kundic et al. 1997). The source and lens redshifts are
zs = 1.722 and zl = 0.311, respectively. The newest
time delay measurements are presented in (Bonvin et al.
2018). Note that the two brightest images A1 and A2
are only separated by ∼ 0.5 arcseconds. Their mea-
sured fluxes are merged together in a single component
simply called image A. To avoid any issues, we adopt
image B and C in this lens for the simulations. The
time delay ∆tBClc ∼ 20 days and the parameters related
with microlensing are presented in Tab.1 including the
local convergence κ, shear γ and star proportion κ∗/κ.
These parameters come from the macro modelling of the
lens and the assumption of stellar mass-luminosity ra-
tio (Chen et al. 2019).
For the accretion disk of the source quasar, we consider
a standard thin-disk model. The luminosity L/LE and
the efficiency η are both set to be 0.1. The estimated
black hole mass MBH = 1.2× 109M⊙ (Peng et al. 2006).
These result in R0(u) = 7.24 × 1014 cm and R0(i) =
2.08× 1015 cm for u band centered around 354nm and i
band centered around 780nm, respectively. Furthermore,
we consider a non-standard model within which the disk
size is twice larger than the standard one Rnon0 = 2R0,
for comparison.
We firstly generate the microlensing magnification
maps for image B and C, respectively. We assume the
mean mass of the stars as the microlenses 〈M∗〉 = 0.3M⊙
and the Salpeter mass function is adopted with a ratio of
Fig. 2.— Microlensing time lag maps in units of day of image B
in the standard disk model for u band (upper panel) and i band
(lower panel), respectively. β = 30◦ and PA=0◦.
the upper and lower masses being Mupper/Mlower = 100.
The maps have a size of 20〈REin〉, where the mean Ein-
stein radius 〈REin〉 = 3.6 × 1016cm in the source plane,
with a pixel resolution of 8192 × 8192. Note that in
practice we have to generate a larger magnification map
due to the integration at the edges of the map. We use
multiple maps with different random seeds to get aver-
age results. One realization of the magnification maps of
image B is shown in Fig.1.
Secondly, basing on Eq.7, we generate the microlens-
ing time lag maps for the two images, the two bands and
the two disk models, respectively. The inner edge of the
disk is set to be Rin = R0/100. The integral radius in
the disk plane is chosen to be 30R0 which is large enough
for including the whole disk and it is consistent with the
case without microlensing. Since the disk can not be ob-
served, we consider three cases: 1) β = 0◦, PA=0◦, 2)
β = 30◦, PA=0◦ and 3) β = 30◦, PA=90◦, where β and
PA are the inclination angle and the position angle of
5−15 −10 −5 0 5 10 15 20 25
δ∆tBCmicro [day]
β=0 ◦ , PA=0 ◦ , R0
β=30 ◦ , PA=0 ◦ , R0
β=30 ◦ , PA=90 ◦ , R0
β=0 ◦ , PA=0 ◦ , 2R0
β=30 ◦ , PA=0 ◦ , 2R0
β=30 ◦ , PA=90 ◦ , 2R0
Fig. 3.— Probability distributions of δ∆tBC
micro
for different cases.
the disk relative to the source plane, respectively. Note
the primary factor that impacts on the results is R0 and
finer choices of β and PA have little impact. Fig.2 shows
one realization of the microlensing time lag maps of im-
age B for band u and i, respectively, under the standard
model with β = 30◦, PA=0◦. This figure actually im-
plies time delay measured in bluer band is closer to the
truth than that measured in redder band, though bluer
band has smaller disk size that might potentially suffer
from more contamination of microlensing light curves.
We repeat such a process for image C whose variation is
smaller (Bonvin et al. 2018).
Finally, we get the microlensing time delay difference
between bands:
δ∆tBCmicro =
[
tBmicro(i)− tCmicro(i)
]−[tBmicro(u)− tCmicro(u)] ,
(14)
equivalently[
tBmicro(i)− tBmicro(u)
]− [tCmicro(i)− tCmicro(u)] . (15)
The second expression is related with microlensing rever-
beration mapping difference (∆δtmicro) which measures
the time lags between bands for individual images (plus
tdisk(i)−tdisk(u)). Note that this approach can be used to
verify the microlensing time delay effect as well if rever-
beration mapping is believed to be accurate. Comparing
δ∆tlc and ∆δtlc can cross-check reverberation mapping
and strong lens time delay measurements.
We calculate its distribution P(δ∆tBCmicro) by randomly
selecting total 106 points in the maps of image B and
C, respectively, which have marginalized the effects of
random seeds for generating magnification maps. Given
the microlensing parameters, it primarily depends on the
disk size R0(λ). Larger R0 results in larger dispersion
σδ∆tmicro . What we can measure is the probability distri-
bution P(δ∆tlc) with sets of lensing systems. The com-
patibility level of these two distributions, i.e., compari-
son in Eq.12 would answer the question whether a quasar
disk size is large enough to fit the observation. In prac-
tice, the size of dispersion relative to the observational
uncertainty R = σδ∆tmicro/(
√
2σ∆tlc) can be seen as the
metric to assess the power of our method. Larger R re-
quires less lensing systems to make a conclusion.
We summarize the time delay differences for all cases
in Fig.3 and Tab.2. The dispersions σδ∆tmicro are∼2.3 days and ∼5.0 days for the standard thin-disk
model and the non-standard model with twice disk
size, respectively. Depending on the quality of the
lightcurves, primarily the cadence, the current measure-
ment precision of time delays
√
2σ∆tlc could reach ∼2-3
days (Courbin et al. 2018; Bonvin et al. 2019), which is
comparable to/smaller than the dispersion of time delay
difference induced by microlensing. This makes such an
effect detectable, especially for larger disk sizes. In fact,
the disk size could be even larger than 2R0.
5. SUMMARY AND PROSPECTIVES
We propose an independent and robust method to ver-
ify microlensing time delay effect which is recently known
by the community and measure the size of accretion disk
using strong lens time delay differences between any two
bands. The measurements are direct and free of the is-
sues or assumptions related with intrinsic light curves,
the Hubble constant, the lens modelling, the peculia mo-
tion and the dark matter substructure. In addition, the
time delay differences are absolute quantities, therefore
there is no special requirement of the lensing configura-
tions which give different sizes of time delays. They only
depend on the absolute uncertainties of the time delay
measurements based on light curves. Our method is a
supplement to the continuum reverberation mapping for
studying the disk size. The latter measures the delay be-
tween bands while we measure the delays between images
bypassing the assumption of correlation between bands.
For future studies in this field, we have several com-
ments/suggestions:
1 ) We only take bands u and i for example in this work.
In fact, bands with larger wavelength difference would
have more significant effects. For example, comparing
band z or y having central wavelength close to 1000nm
with band u or g with shortest wavelengths will be more
promising;
2) Like in many studies of traditional microlensing, we
have fixed the mean mass to be 0.3M⊙ while one can
either use inputs from other observations or take it as an
extra parameter. Generally speaking, microlensing con-
strains the relative disk size to the mean Einstein radius
of the stars in the lens galaxy. The impacts of the mean
stellar mass as well as the mass function shape in our
method is worth further studying;
3) Distribution of microlensing time delay depends
on the local environments (κ, γ, κ∗/κ) of the images
that determine the magnification maps. Microlensing
time lag maps trace magnification maps (compare Fig.1
and Fig.2) whose local-environment-dependent disper-
sions were discussed in the appendix of (Liao et. al.
2015). One could choose systems with microlensing pa-
rameters that generates larger variations in this study
whereas smaller variations are preferred in cosmological
studies.
4) Compared to doubly imaged systems, quads can
provide multiple time delays simultaneously which are
more powerful and could be the first choice for this study;
5) Wide-field surveys like what reverberation map-
ping is using, for example, the Sloan Digital Sky Sur-
vey (SDSS), the PanSTARRS, the Dark Energy Survey
6Disk size β(◦) PA(◦) Mean 50th percentile (median) 16th percentile 84th percentile σδ∆tmicro
R0 0 0 0.837 0.540 -1.443 3.263 2.353
R0 30 0 0.832 0.520 -1.469 3.294 2.382
R0 30 90 0.792 0.380 -1.627 3.024 2.326
2R0 0 0 1.070 0.272 -3.703 6.131 4.917
2R0 30 0 1.069 0.272 -3.755 6.186 4.971
2R0 30 90 1.244 0.265 -4.069 6.619 5.344
TABLE 2
Statistics of δ∆tBC
micro
in units of day for different cases, where the dispersion σδ∆tmicro is defined as (84th − 16th)/2.
(DES) (Jiang et al. 2017; Mudd et al. 2018) can be used
in this method as well. For those whose sampling is
sparse for individual bands like LSST, dedicated follow-
up monitoring is required;
Understanding the details of such a new effect would
benefit understandings of quasars, microlensing and the
accuracy of strong lens time-delay cosmography that may
solve the Hubble constant issue ultimately. We look for-
ward to seeing chromatic microlensing time delays be
measured soon.
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APPENDIX
TIME DELAY RATIO ANOMALIES
In this appendix, we introduce using time delay ra-
tio anomalies to test the microlensing time delay effect
and quasar models. Different from the time delay itself,
this dimensionless quantity is free of various degeneracies
(for example, the Hubble constant) except for dark mat-
ter substructure perturbation that may sub-dominates.
However, an unbiased lens modelling process has to be
assumed such that any deviation can be attributed to
microlensing rather than systematic errors.
We still take the PG 1115+080-like lensed quasar
for example. We consider the time delays be-
tween image A1 and C, B and C, respectively.
For image A1, the microlensing parameters κ =
0.424, γ = 0.491, κ∗/κ = 0.259. We calculate
the probability distribution of the time delay ratio
P [(∆tA1Csl +∆tA1Cmicro)/(∆tBCsl +∆tBCmicro)] measured in i
band, where ∆tA1Csl = 10 days and ∆t
BC
sl = 20 days, re-
spectively, giving the benchmark ratio 0.5. The results
are shown in Fig.4. The relative dispersion can be up to
∼ 18% and ∼ 38% for standard and non-standard disk
sizes, respectively, which are much larger than that in-
ferred by lens modelling, typically at percent level. It
shows this method could be quite powerful even for a
bad lens modelling.
Note that the microlensing time delays are absolute
perturbations while time delay ratio inferred from lens
modelling as a function of lens parameters is a frac-
tional estimation. The detectability ∝ 1/∆tsl. There-
fore, to augment the anomalies such that they can be
distinguished from statistic uncertainties, one should se-
lect systems with shorter time delays. Remarkably, close
−0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
(∆tA1Csl +∆t
A1C
micro)/(∆t
BC
sl +∆t
BC
micro)
β=0 ◦ , PA=0 ◦ , R0
β=30 ◦ , PA=0 ◦ , R0
β=30 ◦ , PA=90 ◦ , R0
β=0 ◦ , PA=0 ◦ , 2R0
β=30 ◦ , PA=0 ◦ , 2R0
β=30 ◦ , PA=90 ◦ , 2R0
Fig. 4.— Perturbation of time delay ratio by microlensing.
images like A1 and A2 that have very small time delay
can be identified in contrary arrival-time ordering. It
is worth pointing out that the microlensing time delay
effect could be more important than dark matter sub-
structure for detecting the anomalies. Our work may
re-open studies in this area.
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